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$(l_{1}, l_{2}, \ldots, l_{n})\in \mathbb{N}^{n}$ $($ $l_{1}\geq 2)$
:
$\zeta(l_{1}, l_{2}, \ldots, l_{n}):=\sum_{m1>m_{2}>\cdots>m_{n}>0}\frac{1}{m_{1^{1}}^{l}m_{2}^{l_{2}}\cdots m_{n}^{l_{n}}}.$
$l=l_{1}+\cdots+l_{n}$ $n$ “ “ “ “
[18]
Euler [2] 2 ( 2 )
Euler ( ) :
$\sum_{\iota_{1\geq 2,l_{2}\geq 1}}\zeta(l_{1}, l_{2})=\zeta(l)$ (1.1)
$(\iota=\iota_{1}+\iota_{2})$
(1.1) $l$ 2 $\zeta(l)$
(1.1) $n$ $[$4, 7, $19]$




$\iota_{1\geq 2,t_{2\geq 1}}\sum_{(l=l_{1}+l_{2})}((x_{1}+x_{2})^{\iota_{1}-1}(x_{2}^{l_{2}-1}+x_{1}^{\iota_{2}-1})-x_{1}^{l_{1}-1}x_{2^{2}}^{l-1}-x_{2}^{l_{1}-1}x_{1^{2}}^{l-1})\zeta(l_{1}, l_{2})$
(1.2)
$=( \sum_{\iota_{1},\iota_{2\geq 1},(\iota_{1}+l_{2}=l)}x_{1^{1}}^{l-1}x_{2}^{l_{2}-1})\zeta(l)$ .
(Gangl-Kaneko-Zagier (1.2)
) $(x_{1}, x_{2})=(1,0)$ (1.1)
(1.2) $(x_{1}, x_{2})=(1,1)$
[15]




1.1. $S_{3 }A_{3}$ 3 3 $\sigma\in S_{3}$









2 $(x_{1}, x_{2}, x_{3})$
2 Guo-Xie
[5] [11]
1.2 (c.f. [5]). $l\geq 4$ :
$\sum’(3^{l_{1}-1}2^{l_{2}}-2^{l_{1}+l_{2}-1}-2^{l_{1}-1})\zeta(l_{1}, l_{2}, l_{3})=\frac{(l-4)(l+1)}{6}\zeta(l)$ ,
$\sum’(2^{l_{1}+l_{2}-1}+2^{l_{1}-1}-2^{\iota_{2}})\zeta(l_{1}, l_{2}, l_{3})=l\zeta(l)$ , (1.5)
$\sum’(3^{l_{1}-1}-1)2^{l_{2}}\zeta(l_{1}, l_{2}, l_{3})=\frac{(l-1)(l+4)}{6}\zeta(l)$ .
1.1
$(l_{1}, \ldots, l_{n})\in \mathbb{N}^{n}$
$(z_{1}, \ldots , z_{n})\in \mathbb{C}^{n}(|z_{i}|<1)$ :
$Li_{l_{1},\ldots,l_{n}}(z_{1}, \ldots, z_{n});=\sum_{m_{1}>\cdots>m_{n}>0}\frac{z_{1}^{m_{1}-m_{2}}\cdot.\cdot.\cdot.z_{n-1}^{m_{n-1}-m_{n}}z_{n}^{m_{n}}}{m_{1^{1}}^{\iota}m_{n-1}^{l_{n-1}}m_{n}^{l_{n}}}.$
:
$(z, \ldots,z_{n})arrow(1,\ldots,1)\lim_{1}Li_{l_{1},\ldots,l_{n}}(z_{1}, \ldots, z_{n})=\{\begin{array}{ll}\zeta(l_{1}, \ldots, l_{n}) (l_{1}\geq 2) ,( ) (l_{1}=1) .\end{array}$
Ihara-Kaneko-Zagier [9]
$Li_{l_{1},\ldots,l_{n}}(\{z\}^{n}) (\{z\}^{n}:=(_{\sim}z, .., z))n.$
$z\nearrow 1$ “
“
1.3. $f(z),g(z)$ $f(z)\sim g(z)$ ” $z=1$
$f(z)-g(z)=O((1-z)(\log(1-z))^{J}) (z\nearrow 1)$ . (1.6)
$O$ $J$ $f(z),$ $g(z)$




1.4. $(l_{1}, \ldots,l_{n})\in \mathbb{N}^{n}$
:





$l_{1}\geq 2$ $\zeta^{m}(l_{1}, \ldots, l_{n})=\zeta(l_{1}, \ldots, l_{n})$ $l_{1}=1$

















$=Li_{l_{1},l_{2}}(z, z^{2})+Li_{I_{2},l_{1}}(z, z^{2})+Li_{l_{1}+l_{2}}(z^{2})$ .
$m>m>0m>0 \sum_{3}=\sum_{m}+\sum_{21>m}+\sum_{233>m>0m_{3}>m_{1}>m>0}$




$+ \sum \sum +\sum \sum + \sum$
$\tau\in A_{3}m_{\tau(1)}=m_{\tau(2)}>m_{\tau(3)}>0 \mathcal{T}\in A_{3}m_{\mathcal{T}(1)}>m_{\tau(2)}=m_{\tau(3)}>0 m=m2=m>0$
3 :
2.1. $l_{1},$ $l_{2},$ $l_{3}$ :
$Li_{l_{1},l_{2}}(z, z^{2})Li_{l_{3}}(z)= \sum_{\sigma\in\{e,(132)(23)\}},Li_{l_{\sigma(1)},l_{\sigma(2)},l_{\sigma(3)}}(z, z^{2}, z^{3})$
(2.1)
$+Li_{l_{1}+l_{3},l_{2}}(z^{2}, z^{3})+Li_{l_{1},l_{2}+l_{3}}(z, z^{3})$ ,
$Li_{l_{1}}(z)Li_{l_{2}}(z)Li_{l_{3}}(z)= \sum_{\sigma\in S_{3}}Li_{l_{\sigma(1)},l_{\sigma(2)},l_{\sigma(3)}}(z, z^{2}, z^{3})$
(2.2)
$+ \sum_{\sigma\in A_{3}}Li_{l_{\sigma(1)}+l_{\sigma(2)},l_{\sigma(3)}}(z^{2}, z^{3})+\sum_{\sigma\in A_{3}}Li_{l_{\sigma(1)},l_{\sigma(2)}+l_{\sigma(3)}}(z, z^{3})$
$+Li_{l_{1}+l_{2}+l_{3}}(z^{3})$ .
:
2.2. $l_{1},$ $l_{2},$ $l_{3}$ :
$Li_{l_{1}}(z)Li_{l_{2}}(z)Li_{l_{3}}(z)$






( $P(T)$ ) $C_{0}$
$C_{0}(F(z));=P(0)$
$C_{0}(Li_{l_{1},\ldots,l_{n}}(\{z\}^{n}))=\zeta^{m}(l_{1}, \ldots,l_{n})$
2.3. $l_{1},$ $l_{2},$ $l_{3}$ $\langle z\rangle^{n}=(z, z^{2}, \ldots, z^{n})$
:
$C_{0}(Li_{l_{1},l_{2}}(\langle z\rangle^{2}))=\zeta^{m}(l_{1}, l_{2})+\{\begin{array}{ll}0 (l_{1}>1 or l_{2}>1) ,-\frac{\zeta(2)}{2} (l_{1}=l_{2}=1) ,\end{array}$





$l$ 4 $l_{1},$ $l_{2},$ $l_{3}$ $l=l_{1}+l_{2}+l_{3}$
2.2 2.3
$\zeta^{m}(l_{1})\zeta^{m}(l_{2})\zeta^{m}(l_{3})-\sum_{\sigma\in A_{3}}\zeta^{m}(l_{\sigma(1)}, l_{\sigma(2)})\zeta^{m}(l_{\sigma(3)})+\sum_{\sigma\in A_{3}}\zeta^{m}(l_{\sigma(1)}, l_{\sigma(2)}, l_{\sigma(3)})$
$=\zeta^{m}(l_{1}+l_{2}+l_{3})$





$- \sum_{\sigma\in _{}3}\sum^{\dagger}x_{\sigma(1)}^{t_{1}-1}x_{\sigma(2)}^{\iota_{2}-1}x_{\sigma(3)}^{\iota_{3}-1}\zeta^{m}(l_{1}, l_{2})\zeta^{m}(l_{3})$
$+ \sum_{\sigma\in A_{3}}\sum^{\dagger}x_{\sigma(1)}^{\iota_{1}-1}x_{\sigma(2)}^{\iota_{2}-1}x_{\sigma(3)}^{\iota_{3}-1}\zeta^{m}(l_{1}, l_{2}, l_{3})$
$=( \sum^{\dagger}x_{1^{1}}^{\iota-1}x_{2}^{\iota_{2}-1}x_{3^{3}}^{\iota-1})\zeta^{m}(l)$
( $\sum^{\uparrow}$ $S_{3}$ )
( [11] $\circ$ )
:
$\sum^{\dagger}[\sum_{\sigma\in S_{3}}x_{\sigma(1)\sigma(2)\sigma(3)}^{l_{1}-1}x_{\sigma(2)\sigma(3)}^{l_{2}-1}x_{\sigma(3)}^{t_{3}-1}-\sum_{\sigma\in A_{3}}(\sum_{\nu\in\langle(23)\rangle}x_{\sigma(1)\sigma(3)}^{\iota_{1}-1}x_{\sigma\nu(2)\sigma\nu(3)}^{\iota_{2}-1}x_{\sigma\nu(3)}^{\iota_{3}-1}$
$+x_{\sigma(3)\sigma(1)}^{l_{1}-1}x_{\sigma(1)}^{l_{2}-1}x_{\sigma(2)}^{l_{3}-1}-x_{\sigma(1)}^{l_{1}-1}x_{\sigma(2)}^{l_{2}-1}x_{\sigma(3)}^{l_{3}-1})]\zeta^{m}(l_{1}, l_{2}, l_{3})$ (3.1)
$=( \sum_{\iota_{1},\iota_{2},\iota_{3\geq 1}}x_{1^{1}}^{l-1}x_{2}^{t_{2}-1}x_{3^{3}}^{l-1})\zeta(l)$ .
$(\iota_{1}+\iota_{2}+\iota_{3}=\iota)$
(3.1) $\zeta^{m}(1, l_{2}, l_{3})$ $0$
$\sum_{\sigma\in S_{3}}x_{\sigma(2)\sigma(3)}^{l_{2}-1}x_{\sigma(3)}^{l_{3}-1}-\sum_{\sigma\in A_{3}}(\sum_{\nu\in\langle(23)\rangle}x_{\sigma\nu(2)\sigma\nu(3)}^{l_{2}-1}x_{\sigma\nu(3)}^{l_{3}-1}+x_{\sigma(1)}^{\iota_{2}-1}x_{\sigma(2)}^{l_{3}-1}-x_{\sigma(2)}^{l_{2}-1}x_{\sigma(3)}^{l_{3}-1})=0$
(3.1) $\sum^{\dagger}$ $\sum’$ $l_{1}\geq 2$












$B$ : $\zeta^{m}(1, l_{2})$ $\zeta^{m}(1, l_{2}, l_{3})$
$\zeta^{m}(1, l_{2})$ $\zeta^{m}(1, l_{2}, l_{3})$ :
$\zeta^{m}(1, l_{2})=\{\begin{array}{ll}-(\zeta(l-1,1)+\zeta(l)) (l_{2}>1) ,0 (l_{2}=1) ,\end{array}$
$\zeta^{m}(1, l_{2}, l_{3})=\{\begin{array}{ll}-(\zeta(l_{2}, l_{3},1)+\zeta(l_{2},1, l_{3})+\zeta(l_{2}+1, l_{3})+\zeta(l_{2},l_{3}+1)) (l_{2}>1) ,\zeta(l-2,1,1)+\zeta(l-1,1)+\zeta(l-2,2)+\zeta(l) [Matrix],0 (l_{i}=1) .\end{array}$
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